Bell's theorem states that quantum mechanics is not a locally causal theory. This state is often interpreted as nonlocality in quantum mechanics. Toner and Bacon [Phys. Rev. Lett. 91, 187904 (2003)] have shown that a shared random-variables theory augmented by one bit of classical communication exactly simulates the Bell correlation in a singlet state. In this paper, we show that in Toner and Bacon protocol, one of the parties (Bob) can deduce another party's (Alice) measurement outputs, if she only informs Bob of one of her own outputs. Afterwards, we suggest a nonlocal version of Toner and Bacon protocol wherein classical communications is replaced by nonlocal effects, so that Alice's measurements cause instantaneous effects on Bob's outputs. In the nonlocal version of Toner and Bacon's protocol, we get the same result again. We also demonstrate that the same approach is applicable to Svozil's protocol.
I. INTRODUCTION
The development of quantum mechanics (QM) in the early twentieth century obliged physicists to radically change some of the concepts they employed to describe the world. Entanglement was first viewed as a source of some paradoxes, most noticeably the Einstein-Podolsky-Rosen paradox (EPR) [1] , which explicitly states that any physical theory must satisfy both local and realistic conditions. These conditions then manifest themselves in the so-called Bell inequality [2, 3] . However, this inequality is violated by quantum predictions. This violation is often referred to as quantum nonlocality and has been recognized as the most intriguing quantum feature. The Bell inequality has been derived in different ways [4, 5] and over the past 30 years, various types of Bell's inequalities have undergone a wide variety of experimental tests. All of them demonstrate strong indications against local hidden variable theories [6] . These results are often interpreted as nonlocality in quantum mechanics. Now we face with an interesting question: How much nonlocality or classical resources are required to simulate quantum systems? An insightful approach for such simulation is to characterize information processing tasks in which two parties share random classical resources and communicate various types of classical bits. In this direction, simulation of Bell's correlation by shared random-variable (SRV) models augmented by classical communication or nonlocal effects has recently attracted a lot of attention [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The question of whether a simulation can be done with a finite amount of communication has been considered independently by Maudlin [7] , Brassard, Cleve, and Tapp [8] , and Steiner [9] . Brassard, Cleve, and Tapp showed that 8 bits of communication suffice for a perfect (analytic) simulation of the quantum predictions. Steiner, followed by Gisin and Gisin [10] , showed that if one allows the number of bits to vary from one instance to another, then 2 bits are sufficient on average. It also has been shown that if many singlets have to be simulated in parallel, then block coding could be used to reduce the number of communicated bits to 1.19 bits on average [11] . A few years later, Toner and Bacon [12] improved these results and showed that a simulation of the Bell correlation (singlet state) is possible by implementing only one bit of classical communication. Toner and Bacon concluded that their results prove minimal amount, one bit, is sufficient to simulate projective measurements on Bell states. In the same way, Svozil suggested another model [13] which is based on the Toner and Bacon protocol (TB protocol) and is more nonlocal. Afterward, Tessier et al. have shown that it is possible to reproduce the quantum-mechanical measurement predictions for the set of all n-fold products of Pauli operators on an n-qubit GHZ state using only Mermin-type random variables and n − 2 bits of classical communication [14] . With a similar approach, Barrett et al. proposed a communication-assisted random-variables model that yields correct outcome for the measurement of any product of Pauli operators on an arbitrary graph state [15] .
Independently of the above developments, Popescu and Rohrlich [18] have dealt with a question: Can there be stronger correlations than the quantum mechanical correlations that remain causal (not allow signaling)? Their answer draws upon exhibiting an abstract nonlocal box wherein instantaneous communication remains impossible. This nonlocal box is such that the Clauser-Horne-Shimony-Holt (CHSH) inequality is violated by the algebraic maximum value of 4, while quantum correlations achieve at most 2 √ 2 [18, 19] . There is a question of interest: If perfect nonlocal boxes would not violate causality, why do the laws of quantum mechanics only allow us to implement nonlocal boxes better than anything classically possible, yet not perfectly [20] ? Recently, van Dam and Cleve considered communication complexity as a physical principle to distinguish physical theories from nonphysical ones. They proved that the availability of perfect nonlocal boxes makes the communication complexity of all Boolean functions trivial [21] . Afterwards, Brassard et al. [20] showed that in any world in which communication complexity is nontrivial, there should be a bound on how much nature can be nonlocal. Besides, Pawlowski et al. [22] defined information causality as a candidate for one of the fundamental assumptions of quantum theory which distinguishes physical theories from nonphysical ones. In fact, Svozil's model has simulated the nonlocal Box as suggested in [18] .
In this paper, we review the TB model which simulates Bell correlations [12] . We show that if Alice informs Bob from one of her outputs, he can deduce Alice's measurement results with no need for more classical communications or other resources. Afterwards, we propose a nonlocal version of the TB protocol (NTB) and Svozil protocol (NS), in order to construct a similar structure as the nonlocal Box model [18] . The NTB (NS) model is an imaginary device (includes two input-output ports, one at Alice's location and another at Bob's location), in which classical communications are replaced with instantaneous nonlocal effects. In the NTB (NS) model, we get the same result as previous ones. Moreover, it can be proved that the availability of a perfect NTB protocol makes the communication complexity of all Boolean functions trivial.
This article is organized as follows: In Sec. II we briefly review the original TB protocol [12] and show that if Alice only informs Bob from one of her outputs, he can infer Alice's outputs without any need for more classical communications. Moreover, we apply our approach to Svozil's protocol [13] . In Sec. III we extend the TB protocol to a nonlocal case by replacing classical communication bits (cbit) with nonlocal effects. In this new protocol, Alice's measurements cause a nonlocal effect in Bob's outputs. We also show that in this situation, if Alice only informs Bob from one of her outputs, he can deduce Alice's measurement outputs without any need for more classical communications. In Sec. IV we summarize our results.
II. BOB INFERS ALICE'S MEASUREMENT OUTPUTS IN THE TB AND THE SVOZIL PROTOCOLS
In this section, we briefly review the TB and Svozil protocols and show how in these protocols Bob can infer Alice's measurement outputs.
A. Toner and Bacon protocol
Consider Bell's experiment setup in which a source emits two spin half ( In the TB protocol, Alice and Bob share two independent random variablesλ 1 andλ 2 which are real three-dimensional unit vectors. They are independently chosen and uniformly distributed over the unit sphere (infinite communication at this stage). Alice measures alongâ; Bob measures alongb. They obtain α ∈ {+1, −1} and β ∈ {+1, −1}, respectively. The TB protocol proceeds as follows:
(1.) Alice's outputs are α = −sgn(â ·λ 1 ). (2.) Alice sends a single bit c ∈ {−1, +1} to Bob where c = sgn(â ·λ 1 )sgn(â ·λ 2 ).
, where the sgn function is defined by sgn(x) = +1 if x ≥ 0 and sgn(x) = −1 if x < 0.
The joint expectation value αβ is given by:
where E {x} = 1 (4π) 2 dλ 1 dλ 2 x, c = sgn(â ·λ 1 ) sgn(â ·λ 2 ). This integral can be evaluated which gives αβ = −â ·b, as required.
Remark 1.-In this article, we use the terminology in which the parties have complete control over the shared randomvariables without referring to each other [11, 13, 16, 23, 24] . Therefore, we use SRV and hidden random-variables (HRV) interchangeability. Remark 2.-TB claimed that Bob obtains "no information" about Alice's outputs from the cbits communications. In the next subsection, we show that it is not correct.
B. Bob Finds Alice's measurement output in the Toner and Bacon protocol
In this subsection, we shall show that in the TB protocol Bob can deduce Alice's measurement output, if she just notifies Bob of one of her outputs without using other classical communications. At the first stage, let us define some useful quantities. We define unit vectorsλ 1 andλ 2 in the spherical coordinate (θ, φ), at the ranges of θ ∈ (0, π) and φ ∈ (0, 2π) and dividing θ and φ into N equal parts, so that π/N = δ ≪ 1 as N → ∞. Now, we consider a subset of SRVλ 1 (θ 1 , φ 1 ),λ 2 (θ 2 , φ 2 ) in the xy plane which are represented by λ xy
, where l, k = 0, 1, ..., N . For simplicity, we do not refer to θ 1,2 = π/2 and denote them asλ xy i (θ i = π/2, φ i = tδ) ≡λ xy i,t , (i = 1, 2, and t = l, k). Here,λ xy i,t (i = 1, 2) means that the SRVλ xy i,t makes the azimuthal angle tδ with thex axis. We select a specific subset of SRV and consider the collection:
where,λ 
In the above relations, we assumed that in the l-th round of the protocol, the sign of the communicated bit has been changed. According to this sequence, Bob deduces that Alice's measurement setting lies in a plane with the unit vectorλ xy 1,l [l-th strip Figs. 1 and 2(a)]. Therefore, in the spherical coordinate, the azimuthal angle ofâ (φâ) is equal to lδ ± π/2, with the uncertainty factor δ. One should notice that in this situation, Bob cannot yet fix the polar angle (θâ).
In the second stage, in order to find θâ, we can select the random variablesλ 1 andλ 2 in a plane with unit vectorλ (Fig.1 ). Alice's measurement settingâ must lie in a plane with unit vectorλ xz 1,p (red zone in the p-th round of experiment). In fact, the thin strips sweep the surface of the unit sphere so that c = −1 for l-th and p-th strips and c = +1 elsewhere. (c) These two strips cross each other at two small areas and consequently, Alice's measurement settinĝ a is in the same (or in the opposite) direction of the unit vector which connects the origin of the Poincare sphere to the cross points.
by λx
in the Poincare sphere coordinates. However, similar to the first stage, we considerλ 1 andλ 2 in the xz plane which are represented by λxz 
where,λ Here, we have restricted selected shared random variables to two special subsets (1) and (3) because they are sufficient for Bob to deduce Alice's measurement outputs. These two strips encounter each other at two points. Alice's measurement settinĝ a is in the same (or in the opposite) direction of the unit vector that connects the origin of the Poincare sphere to the crossover points [ Fig. 2(c)] . Now, if the parties collaborated and selected a specific random variables, for example, λ r , and Alice informs Bob of only one of her outputs, Bob can deduce Alice's measurement setting without any need for further information. For example, if Alice sends α r = −sgn(â.λ r ) = +1 to Bob, he can deduce theâ direction lies in the up (down) semicircle.
Our approach is not restricted to the above selected subsets of hidden variables, The parties can use other sets of SRV such aŝ λ yz 1 andλ yz 2 which belong to the yz plane to get the same results.
C. Svozil's protocol
Svozil has suggested a new type of shared random-variable theory augmented by one bit of classical communication which is stronger than quantum correlations [13] . It violates the CHSH inequality by 4, as compared to the quantum Tsirelson bound 2 √ 2. Svozil's protocol is similar to the Toner and Bacon protocol [12] , but just requires only a single random variable λ. The another random variable ∆(ω) is obtained by rotatingλ clockwise around the origin by angle ω with a constant shift for all experiments ∆(ω) = λ + ω. Alice's outputs are given by α = −sgn(â ·λ) = −sgn [cos(a − λ)] and she sends classical bits c(ω) = sgn(â ·λ)sgn â ·∆(ω) = sgn [cos(a − λ)] sgn cos [a − ∆(ω)] to Bob. Bob's outputs are given by
If we let ω changes randomly on the Poincare sphere, then Svozil's protocol becomes the TB protocol (with uniform distribution). In the general case 0 ≤ ω ≤ π/2, the correlation function is given by
The correlation function E(θ, ω) is stronger than quantum correlations for all nonzero values of ω. The strongest correlation function is obtained for ω = π/2, where the two random-variable directions λ and ∆ = λ + π/2 are orthogonal and the information of classical bits c(π/2) are about the location of a within two opposite quadrants. In the case of ω = π/2, the CHSH inequality |E(a,
is violated by the maximal algebraic value of 4, for a = 0, a ′ = π/2, b = π/4, b ′ = 3π/4 (which are the same as the largest possible value which has been suggested by Popescu and Rohrlich's nonlocal box model [18] ). For ω = 0, the classical linear correlation function E(θ) = 2θ/π − 1 is recovered, as could be expected.
D. Bob finds Alice's measurement outputs in Svozil's protocol
In this subsection, we consider Svozil's [13] arguments and show that Bob can deduce Alice's measurement setting and outputs by using cbits and only one of the Alice outputs, without asking for any further information at the end of the protocol. Here, we select the ω = π 2 case and consider the subset of SRV as:
where, δ = π/N ≪ 1, N → ∞, and k = 0, ..., N , and other random vectors are related to each other by rotatingλ k (≡λ(kδ)) and∆ k (≡∆(kδ)) clockwise around the origin by an angle δ. It acts as a constant shift for all experiments, i.e., λ k+1 = λ k + δ. The sequences of communicating classical bits corresponding to the above set of random variables are represented by c k (π/2,λ k ). With due attention to the SRV subset, after some of the communicating classical bits, the sign of c k s will switch to opposite values as are given by the following quantities:
..., c l−1 (π/2,λ l−1 ) = +1, c l (π/2,λ l ) = +1,
where, in the l + 1-th round of the protocol the sign of communicated bits has changed (Fig. 3) . . Hereλ k is given by rotatingλ k−1 (∀k) clockwise around the origin by δ, andλ k,± = λ k ±∆ k . According to the c k = sgn(â ·λ k )sgn(â ·∆ k ) definition, in the l + 1-th round of the protocol the sign of the communicated bits change and consequentlyâ becomes parallel (or antiparallel) toλ l .
Remark 3.-With note to c k definition and selected random variables, ifâ lies in (+λ
As stated by the above sequence, Bob deduces thatâ is in the same (or in the opposite) direction as the unit vectorλ l , with the uncertainty factor δ. At this stage, if Alice only informs Bob of one of her outputs, for example, α r (â, λ r ) = −sgn(â.λ r ) = +1 (or −1), Bob deduces that theâ direction lies in the down (up) semicircle. Thus, he deduces Alice's outputs and measurement setting, without any need for further information [25] .
III. BOB INFERS ALICE'S MEASUREMENT OUTPUTS IN SRV THEORIES AUGMENTED BY NONLOCAL EFFECTS
In the above approaches, Bob only uses a few parts of classical communication bits, without referring to his measurement's outputs. This leads us to ask: Can Bob find Alice's outputs without classical communication? In what follows, we certainly show that the answer to the question is positive. In this section, we consider Svozil and TB protocols with fewer assumptions, given by replacing classical communications with instantaneous nonlocal effects. Then, we get the same results as the previous ones.
A. Nonlocal description of Svozil's protocol
Before investigating the nonlocal TB protocol, here, we modify Svozil's argument [13] by replacing classical communications with instantaneous nonlocal effects. For simplicity, we consider a similar notation as in Sec. (II-C). The nonlocal description of Svozil's protocol proceeds as follows: Parties share independent random variablesλ and∆(π/2). Alice measures alongâ and her outputs are α k = −sgn(â·λ k ). Alice's measurement causes an instantaneous nonlocal effect on Bob's measurement outputs' so that if Bob measures in theb direction, his outputs will be β k = sgn[b · (λ k + c k∆k )], where c k = sgn(â ·λ k )sgn(â ·∆ k )) (Fig. 3) . Let us select a subset of hidden variables and consider the collection:
where,
The random variablesλ k,± divide the Poincare sphere into four equal quadrants. Remark 4.-Taking into account the definition of c k and selected random variables, we know that ifb lies in the (λ k,+ ,λ k,− ) or (−λ k,+ , −λ k,− ) intervals, Bob cannot deduce the nonlocal effect of c k . Yet, for other ranges, he can exactly attain the amount of c k by:b
The collection (5) assures Bob that ifb lies in one of (8) or (9) intervals, after some round of experiment the sign of Bob's outputs will switch to negative values as are given by the following quantities:
Here, we assumed that in the l + 1-th round of the protocol the sign of Bob's outputs has changed and so according to Remark 1, Bob deduces sequences of nonlocal effects c k as the following:
Therefore, Bob concludes thatâ is in the same (or in the opposite) direction of the unit vectorλ l , with the uncertainty factor δ. At this stage, if Alice informs Bob of only one of her outputs, for example, α(â, λ r ) = −sgn(â.λ r ) = +1 (or −1), Bob will infer thatâ lies in the down (up) semicircle [25] . Based on what we have shown, the reader can admit that Bob can deduce Alice's measurement setting by considering every two subsets of SRV. The study of two special cases of Alice's measurement settings seems interesting. Remark 5.
-If the angle between measurement settings of the parties is equal to | ϕâ − ϕb |= π/4 or 3π/4 then Bob will get one of the following outputs:
, and
where Bob obtains Alice's measurement direction (±â) by rotatingb clockwise around the center by the value of π/4.
where Bob obtains ±â by rotatingb counterclockwise around the center by the value of π/4. Therefore, if Alice informs Bob of only one of her outputs, he will exactly deduce theâ direction without any need for further information.
B. Nonlocal description of TB model
In this subsection, we suggest a nonlocal version of the TB protocol (NTB) which is an imaginary device that includes two input-output ports, one at Alice's location and another at Bob's, while Alice and Bob are spacelike separated. NTB protocol proceeds as follows: The parties share two independent random variablesλ 1 andλ 2 . Alice measures alongâ and her output is α = −sgn(â ·λ 1 ). Alice's measurement causes a nonlocal effect on Bob's measurement outputs' so that if Bob's measurement setting is in theb direction, his output is β = sgn[b · (λ 1 + cλ 2 )], where c = sgn(â ·λ 1 )sgn(â ·λ 2 ) (Fig. 4) .
Remark 6.-The TB and the NTB frameworks are equivalent at the level of what they aim to calculate; we can replace one bit classical communication in the Toner and Bacon model [12] with a nonlocal effect so that the marginal and joint probabilities calculated in either of these scenarios are similar to those within the other one. In the NTB model, Alice and Bob know directions of random variablesλ 1 andλ 2 for each round of the protocol, but, the values of c are not accessible to Bob.
Similar to the Sec. (II-A), we consider the unit vectorsλ 1 andλ 2 in the spherical coordinate (θ, φ) in the ranges of θ ∈ (0, π) and φ ∈ (0, 2π), and divide them into N equal parts (δ = π/N ≪ 1, with N → ∞). To show that selected SRV subsets (Sec. II-A) are not restricted to collection 1, we select a subset of SRV in which the elements of each pair are orthogonal. In the first case, we select a subset of SRV which lies in the xy plane. In the Poincare sphere coordinates, the selected SRV is represented by λ xy 1 (θ = π/2, lδ),λ 
NTB -protocol
where,λ The collection (11) assures Bob that ifb lies in one of the (8) or (9) intervals, his corresponding outputs will satisfy the following sequences:
..., β l−1 (c l−1 ,λ 
Similar to the previous case, we assume here that in the l + 1-th round of the protocol, the sign of Bob's outputs has changed and similar to Remark 3, Bob deduces sequences of nonlocal effects of c k as following:
..., c Fig. 5(a) ]. In the next step of protocol, parties select another subset of SRV in the xz plane as:
IV. SUMMERY AND OUTLOOKS
In this paper, we reviewed TB and Svozil protocols and showed that if parties select two subsets of SRV, Bob can deduce all of Alice's measurement. Here, a question arises: are TB and NTB protocols causal? In the NLB-box [18] , if Alice's (Bob's) input is x = 0 (y = 0), she (he) can distinguish the other one's output exactly. Otherwise, she (he) doesn't have any information about his (her) outputs. It is usually interpreted that the NLB-box is causal. We know that the NTB protocol cannot be used for Superluminal signaling in each rounds of the protocol. Only, after the l + p rounds of the protocol, Bob concludes thatâ is orthogonal toλ xy 2,l andλ xz 2,p directions. He must await for Alice's message. Only at this stage, he can know Alice's measurement setting exactly. We know that NLB represents undirected resources, but NTB represents directed ones that can be shared between two parties [27] . Hence, in the NLB approach, Bob does not have complete information about Alice's inputs. Yet, in our description Bob gets complete information about each of Alice's results.
As we know, Cerf et al. [24] suggested a kind of NLB-box based on the TB protocol which perfectly simulated a maximally entangled (singlet) state by using one instance of the NLB-box machine and no communication at all. The NTB protocol can be used for discussing the communication complexity problem. In this approach, Alice and Bob shared an NTB machine as well as shared random variables in the form of the pairs of normalized vectorsλ 1 andλ 2 , randomly and independently distributed over the Poincare sphere. n-tuple of inputs is denoted asâ ≡ (x 1 , x 2 , ..., x n ) andb ≡ (y 1 , y 2 , ..., y n ) are the vectors that determine Alice and Bob measurements, respectively (where, x i , y j ∈ {0, 1}, and i, j = 0, 1, ..., n). With due attention to our approach, we proved that the availability of perfect the NTB protocol makes the communication complexity of all Boolean functions trivial. Therefore, TB's claim that Bob obtains "no information" about Alice's outputs from the classical communications, is not correct. It seems that the TB protocol used some unacceptable concepts in its approach, and consequently the question about "what minimum classical resources are required to simulate quantum correlations?" is still open [28] .
Moreover, in TB and NTB protocols, the parties have unrestricted control of the SRV. Therefore, here is another interesting model in which the parties have partial information (or don't have any information) about the SRV. It sheds light on quantumentanglement notation.
